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Abstract 
We carry out a self-consistent simulation of the generation process of whistler-mode chorus by a spatially one-dimen-
sional electron hybrid code, by assuming the magnetic field inhomogeneity corresponding to L = 4 of the dipole 
field. Chorus emissions with rising tones are reproduced in the simulation result, while the frequency range, sweep 
rate, and the amplitude profiles in the spectra of the reproduced elements are consistently explained by the nonlin-
ear wave growth theory. We compare the simulation results with the observation by the Cluster spacecraft (Santolik 
et al. in J Geophys Res 108:1278, 2003, doi:10.1029/2002JA009791; Santolik in Nonlinear Process Geophys 15:621–630, 
2008) and reveal similarities of the spectral fine structure of reproduced chorus elements with the observation. On 
the other hand, there is no gap at half the gyrofrequency in the spectra of the reproduced chorus elements, which is 
evident in the observation. This difference implies that the mechanism of a gap at half the gyrofrequency is governed 
by the process that is not described by the spatially one-dimensional simulation treating purely parallel propagating 
electromagnetic waves.
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Introduction
Whistler-mode chorus emissions are electromagnetic 
plasma waves observed in the Earth’s magnetosphere. 
Chorus emissions are a group of coherent wave elements 
whose frequency varies in time (Santolik et  al. 2003, 
2014). The typical frequency range of chorus is from 
0.2 to 0.8  Ωe0, where Ωe0 is the electron gyrofrequency 
at the magnetic equator. Chorus are often classified into 
the lower band (0.2–0.5  Ωe0) and the upper band (0.5–
0.8 Ωe0) because of the different propagation properties 
and characteristics appeared in the spectra accompa-
nied with a distinct gap at half the gyrofrequency (e.g., 
Bell et  al. 2009). Since whistler-mode waves satisfy the 
cyclotron resonance condition with electrons in the wide 
range of kinetic energy and pitch angle, resonant scatter-
ing of energetic electrons in the magnetosphere has been 
extensively discussed by various approaches: by a diffu-
sion code based on the quasi-linear theory (e.g., Thorne 
et al. 2010), by a test-particle analysis (e.g., Albert 2001; 
Bortnik et  al. 2008), and by an analytic approach (e.g., 
Lakhina et  al. 2010). On the other hand, wave–parti-
cle interactions between chorus and energetic electrons 
including the wave excitation process can only be inves-
tigated by a self-consistent simulation code, as we use in 
the present study.
Self-consistent particle simulations reproduced the 
generation process of chorus with rising tones and 
revealed nonlinear properties of the chorus generation 
(e.g., Katoh and Omura 2007, 2011, 2013). Chorus are 
generated at the magnetic equator, where the intensity 
of the background magnetic field becomes minimum 
along a field line, and propagate away from the equator 
with increasing their wave amplitude. Simulation results 
clarified that the magnetic field inhomogeneity along a 
field line controls the threshold of the wave amplitude 
required for the chorus generation (Katoh and Omura 
2013) and the frequency sweep rate of chorus changes 
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depending on the wave amplitude of each chorus ele-
ment (Katoh and Omura 2011). These properties of cho-
rus have been clearly explained by the nonlinear wave 
growth theory proposed for the generation mechanism of 
chorus (Omura et al. 2008, 2009, 2012).
Previous studies clarified that the magnetic field inho-
mogeneity along a field line is an important factor con-
trolling the spectral properties of chorus. On the other 
hand, the spatial scale of the simulation system used in 
previous particle simulations is smaller than that of the 
real magnetosphere, and therefore larger magnetic field 
inhomogeneities have been used (Katoh and Omura 
2007, 2011, 2013; Hikishima et  al. 2009), because of 
the limitation of computational resources. The differ-
ence of the spatial scale between the simulation system 
and the real magnetosphere prevents us to compare the 
simulation results with in  situ observation of chorus by 
satellites. In the present study, we have overcome this dif-
ficulty with the help of sufficient computational resources 
provided by the High-Performance Computing Infra-
structure projects and collaborations with supercom-
puter centers of universities in Japan and have carried 
out electron hybrid simulations in the simulation system 
corresponding to the real magnetosphere. We present 
simulation results for a magnetic field inhomogeneity 
corresponding to L = 4 of the dipole field and compare 
the results with spectral properties of chorus observed in 
the magnetosphere.
Simulation model and initial condition
 We use an originally developed electron hybrid code 
(e.g., Katoh and Omura 2004, 2006; Katoh et al. 2005a, b), 
which treats the background cold electrons as a fluid and 
energetic electrons as particles by the standard particle-
in-cell method with fully relativistic effects. This code has 
reproduced the generation process of chorus with rising 
tones (e.g., Katoh and Omura 2007, 2011, 2013; Omura 
et al. 2008). We assume a spatially one-dimensional simu-
lation system along a field line. Katoh and Omura (2013) 
revealed that the magnetic field inhomogeneity is an 
important factor controlling the threshold amplitude for 
the chorus generation. In the present study, we use the 
magnetic field inhomogeneity along a dipole field line 
of L  =  4. The number of grid points is 65,536 and the 
spatial scale of the simulation system is 6553.6  cΩe0−1, 
where c is the speed of light, corresponding to the spatial 
extent of 18,500 km from the magnetic equator in both 
hemispheres. We assume that the plasma frequency ωpe 
of cold electrons at the magnetic equator is 2.4 Ωe0 and 
that the cold plasma density is constant in space and time 
in the simulation system. We load energetic electrons in 
the simulation system taking into account the adiabatic 
motion of electrons along a field line. The magnetic field 
line is filled with energetic electrons as the initial condi-
tion of simulations. We use one billion of particles repre-
senting energetic electrons in the simulation system. We 
assume the initial velocity distribution of energetic elec-
trons is anisotropic (Fig. 1a), which drives an instability 
generating a band of whistler-mode waves. We use the 
following equations for the initial distribution function of 
energetic electrons in the momentum space.
and
where u|| and u⊥ are momenta parallel and perpendicu-
lar to the background magnetic field, respectively, Ut|| 
and Ut⊥ are thermal momenta parallel and perpendicu-
lar to the background magnetic field, respectively, β is a 
parameter describing the depth of the loss cone distri-
bution, and we use β =  0.5. We assume that Ut||/c and 
Ut⊥/c are 0.2705 and 0.46852, respectively. Here, the 
temperature anisotropy is computed by AT  =  (1  +  β) 
Ut⊥2 /U2t||  −  1 (cf. Tang et  al. 2014) and is 3.5 for the 
assumed thermal momenta. Figure  1b represents the 
energy spectrum of electrons used in the present study. 
We assume the number density of energetic electrons Nh 
at the equator is 9.9 × 10−4 N0, where N0 is the number 
density of cold electrons at the magnetic equator of the 
simulation system. The initial parameters used in the 
simulation are summarized in Table 1.  
Results and discussion
We conducted the simulation up to 40,000  Ωe0−1, cor-
responding to 0.8  s for the background magnetic field 
intensity of 285  nT (cf. Santolik et  al. 2003; hereafter 
we use this parameter for the conversion of simulation 
results to real values). The computational time used in 
this simulation is almost 1 week with 1024 cores.
In the simulation result, a band of whistler-mode 
waves are excited through the instability driven by the 
temperature anisotropy of energetic electrons, and the 
amplitude of whistler-mode waves grows in time and 
becomes coherent. When the amplitude exceeds a cer-
tain threshold level, the contribution of the wave mag-
netic field Bw on the Lorentz force acting on energetic 
electrons becomes non-negligible, and then the balance 
between the nonlinear Lorentz force qev  × Bw and the 
mirror force due to the background magnetic field inho-
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due to the formation of an asymmetric electromagnetic 
electron hole in the velocity phase space, where qe is the 
charge of an electron. Although the background mag-
netic field inhomogeneity is zero at the magnetic equator, 
the electron hole can be deformed to be asymmetric with 
respect to the wave magnetic field, because a term related 
to the second derivative of the wave phase (namely the 
frequency variation in time) plays the same role as the 
mirror force on the dynamics of resonant particles. The 
presence of the asymmetric hole in the velocity phase 
space results in the formation of a net resonant current 
parallel to the wave electric field. The intensity of reso-
nant current maximized for a wave component having 
a specific wave phase variation. Since the resonant cur-
rent contributes the amplification of the wave amplitude, 
coherent wave elements whose wave phase variation sat-
isfies the condition of the maximum resonant current 
undergo significant amplification due to the selective 
nonlinear growth. In the wave growth process, the other 
resonant current parallel to the wave magnetic field is 
also formed due to the electron hole, and it contributes 
to the frequency shift to higher frequencies. Coherent 
wave elements with rising tones therefore emerge from a 
band of whistler-mode waves in the region close to the 
magnetic equator. The coherent wave elements propagate 





























Fig. 1 a Initial distribution function of energetic electrons in the velocity phase space and b distribution of electrons as a function of the kinetic 
energy. The spatial distribution of c the background magnetic field and d number density of energetic electrons assumed in the simulation system
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while the timescale of the wave growth of the coherent 
elements is much faster than that of the band of whis-
tler-mode waves appeared in the elementary stage of 
the simulation. Figure  2a shows the spatial distribution 
of the spectra measured at the final stage of the simula-
tion, indicating that multiple coherent wave elements are 
generated from the magnetic equator (h = 0) and prop-
agate away from the equator toward both hemispheres. 
Because we used random numbers to place particles in 
the simulation system, the spatial distribution of ener-
getic electrons is not perfectly symmetric and therefore 
waves generated in the simulation system are not exactly 
the same in the Northern and Southern Hemispheres. 
The spatial distribution of the spectra clearly indicates 
that the wave amplitude of coherent elements increases 
during the propagation away from the equator and clari-
fies that the rising tone of each element is already formed 
at the equator. These results are consistent with our pre-
vious simulation studies (Katoh and Omura 2007, 2011, 
2013).
Figure  2b indicates the wave magnetic field spec-
tra observed at h = −655.36 cΩe0−1. Two distinct chorus 
elements with rising tones are identified in Fig.  2b. The 
wave magnetic field amplitude of each element reaches 
up to 0.1% of the background magnetic field inten-
sity. The wave frequency changes from 0.26 to 0.55  Ωe0 
during the time interval of 30,000  Ωe0−1, and therefore, 
the frequency sweep rate is roughly estimated to be 
3.89  kHz/s, which is in agreement with the typical fre-
quency sweep rates of rising tone chorus observed in 
the magnetosphere (e.g., Santolik 2008). When we focus 
on the fine-scale spectral structure of reproduced ele-
ments, we find that the frequency sweep rate of each ele-
ment is not constant but varies in time. Here, we define 
the chorus element appearing in the relatively lower fre-
quency range as “Element 1” and another in the higher 
frequency range as “Element 2.” The spectral structure 
of Element 1 indicates that the sweep rate is small in the 
beginning of the frequency variation (corresponds to the 
leading edge of Element 1 at h = −655.36  cΩe0−1 during 
the time interval from 10,000 to 20,000  Ωe0−1), and then 
the sweep rate increases with increasing the wave ampli-
tude (from 20,000 to 28,000  Ωe0−1), and eventually the 
sweep rate becomes small again for the trailing edge of 
Table 1 Summary of the initial parameters used in the simulation
Plasma frequency ωpe of the cold electrons 2.4 Ωe0
Time step Δt 0.05 Ωe0
−1
Grid spacing Δx 0.1 cΩe0
−1
Number of grid points 65,536
Number of particles 1,342,177,280
Density ratio between cold (N0) and energetic electrons (Nh) at the magnetic equator 9.9 × 10−4
Thermal momenta of energetic electrons parallel and perpendicular to the background magnetic field (Ut|| and Ut⊥) Ut|| /c = 0.2705
Ut⊥/c = 0.46852
Temperature anisotropy of energetic electrons (AT); AT = (1 + β)Ut⊥2 /U2t|| − 1 3.5 and β = 0.5
Fig. 2 a The spatial distribution of wave magnetic field spectra observed in the simulation system at the final stage of the simulation and b the 
spectra observed at h = −655.36 cΩe0−1
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Element 1. The similar spectral fine structure is also 
identified for Element 2. The temporal variation of the 
frequency sweep rate identified in the simulation result 
can be explained by the relation between the sweep rate 
and the wave amplitude derived from the nonlinear wave 
growth theory (Omura et al. 2008, 2009). Figure 3a indi-
cates the maximum amplitude of each frequency bin cor-
responding to each element at h =  0. We note that the 
wave amplitude of elements shown in Fig. 3a is one order 
of the magnitude smaller than that shown in Fig. 2b (at 
h = −655.36 cΩe0−1) because of the nonlinear wave growth 
during the propagation away from the equator. We com-
pare the amplitude profiles of the reproduced elements 
with estimations of the threshold (Omura et  al. 2009) 
and optimum amplitude (Omura and Nunn 2011), pro-
posed based on the nonlinear wave growth theory. Here, 
we discuss the depth of the electron hole (hereafter we 
describe “Q”), which is an important parameter related 
to the threshold and optimum amplitudes; the threshold 
amplitude is inversely proportional to the square of Q 
and the optimum amplitude is linearly proportional to Q. 
The distribution of particles in the velocity phase space 
around the electron hole significantly varies depend-
ing on the evolution of wave electromagnetic fields, and 
the variation of the flux of resonant electrons, which are 
mostly untrapped by coherent wave elements and move 
around the electron hole, contributes to the variation of 
Q by increasing the number of resonant particles outside 
of the electron hole. While it is difficult to exactly deter-
mine Q, based on the simulation results and estimations 
used in our previous studies, we assumed Q = 0.5 in the 
present study as a typical value of the depth of the hole. 
We find in Fig. 3a that both of the reproduced elements 
emerge at the frequency where the wave amplitude 
exceeds the threshold and that the reproduced frequency 
profiles follow those of the optimum amplitude. In addi-
tion, we estimated sweep rates of chorus elements by 
Omura et al. (2008)
where χ2  =  (1  +  ξ2)−1, ξ2  =  ω(Ωe0  −  ω)/ω2pe, γ is the 
Lorentz factor, V⊥0 is an average value of v⊥ of the ini-
tial velocity distribution of energetic electrons at the 
magnetic equator, VR is the resonance velocity, and Vg is 
the group velocity. Figure  3b shows the wave magnetic 
field spectra of southward propagating waves observed 
at h  =  0. We superposed sweep rates estimated every 
2000 Ωe0−1 for both elements, while we extracted instanta-
neous amplitudes and frequencies of each element from 
the waveform of southward propagating waves observed 
at h =  0 and used them in the estimation of the sweep 
rates. We find that the estimated sweep rates basically 
match the frequency variation of each element appeared 
in the spectra. Figure  3 reveals that the chorus genera-
tion process reproduced in the simulation is consistently 
explained by the nonlinear wave growth theory.
Next, we compare the simulation results with observed 
chorus elements in the magnetosphere. For the com-
parison, we refer detailed analysis made by Santolik et al. 



















Fig. 3 a The frequency profiles of the maximum wave magnetic field amplitude of each element observed at the magnetic equator, h = 0. The 
estimated threshold and optimum amplitude are also shown, where τ is the ratio of the nonlinear transition time TN to the nonlinear trapping 
period Ttr (cf. Omura and Nunn 2011). b The wave magnetic field spectra of southward propagating waves observed at h = 0. Solid lines superposed 
on the spectra indicate estimated frequency sweep rates based on the nonlinear wave growth theory
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observed by the Cluster spacecraft during a geomagneti-
cally disturbed period on April 18, 2002. The observation 
results are briefly summarized as follows.
The location of the Cluster spacecraft during the 
observed event was in the nightside of the magneto-
sphere (2100 MLT) at a radial distance of 4.4 Earth’s 
radii close to the magnetic equatorial plane. Chorus ele-
ments with rising tones were detected in the frequency 
range less than half the local electron gyrofrequency, 
corresponding to the frequency range of the lower band 
chorus. They analyzed the waveform of the chorus ele-
ments and showed that the instantaneous wave electric 
field amplitude ranged typically between a few mV/m 
and about 10  mV/m but sometimes reaches more than 
30  mV/m. Santolik (2008) presented results of further 
analysis of this event and showed that the typical wave 
magnetic field amplitude is a few hundreds of pT, cor-
responding to 0.1% of the background magnetic field 
intensity.
In Fig.  4, we compare the spectra of the chorus ele-
ments reproduced in the simulation result with those of 
chorus elements measured by the Cluster spacecraft. The 
left panel of Fig. 4 is the same result as shown in Fig. 2b 
except for the scale of the horizontal and vertical axes 
adjusted to the observation. Figure  4 indicates similari-
ties of the spectral fine structure of reproduced chorus 
elements in the simulation with the observation. We find 
that Element 1 appears in the spectra from 0.27  Ωe0−1, 
which is the same frequency of the observed element. 
The sweep rate of Element 1 changes as a function of the 
wave frequency as we discussed above, while the sweep 
rate of the observed chorus element shows the similar 
variation up to 0.5  Ωe0−1. These results of the qualitative 
comparison indicate similarities between the simulation 
results and the observation. On the other hand, we did 
not find a gap at half the gyrofrequency in both Elements 
1 and 2, which is evident in the observation. This differ-
ence implies that the mechanism of a gap at 0.5  Ωe0 is 
governed by the physical process that is not described by 
the spatially one-dimensional system treating purely par-
allel propagating electromagnetic waves, such as the non-
linear damping through Landau resonance (Omura et al. 
2009; Yagitani et al. 2014) and/or properties of obliquely 
propagating whistler-mode waves (e.g., Bell et  al. 2009; 
Katoh 2014; Nunn and Omura 2015).
Macúšová et al. (2010) analyzed 13 events of whistler-
mode chorus observed by the Cluster spacecraft during 
different levels of geomagnetic activity and showed that 
the frequency sweep rate decreases with the decreasing 
background plasma density. Based on the nonlinear wave 
growth theory, Omura et al. (2015) showed that the fre-
quency sweep rate decreases with increasing ωpe/Ωe0 in 
the frequency range higher than 0.1  Ωe0. Therefore, the 
relationship between the sweep rate and plasma density 
reported in Macúšová et al. can be consistently explained 
by the nonlinear wave growth theory. In addition, Katoh 
and Omura (2011) showed by a series of electron hybrid 
simulations that the frequency sweep rate of chorus ele-
ments increases with increasing Nh. Since properties of 
the chorus generation are controlled by various factors, 
properties revealed by theory and simulation results 
should be examined further by comparison with observa-
tions in the future study.
Summary
In the present study, we carried out a self-consistent 
simulation of the generation process of whistler-mode 
chorus by the spatially one-dimensional electron hybrid 
code. We assumed the magnetic field inhomogeneity cor-
responding to L = 4 of the dipole field in the simulation 
system. In the simulation result, chorus emissions with 
rising tones are reproduced, while the frequency range, 
sweep rate, and the amplitude profiles of the reproduced 
elements are consistently explained by the nonlinear 
wave growth theory. We compared the reproduced spec-
tra of chorus with the observation result by the Cluster 
spacecraft (Santolik et al. 2003; Santolik 2008) and found 
similarities between them, except for a gap at half the 
gyrofrequency. While we focused on the spectral prop-
erties of chorus generated under the realistic initial con-
dition of the background magnetic field, the dynamics of 
resonant electrons under the realistic conditions should 
be investigated in detail and is left as our future study.
Recent progress of supercomputer facilities enables 
us to reproduce the chorus generation process in the 
realistic magnetospheric configurations. Simulation 
studies of interactions between chorus and energetic 
Fig. 4 Comparison of the spectra of the chorus elements repro-
duced in the simulation result with a chorus element observed by the 
Cluster spacecraft (Santolik et al. 2003)
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electrons under the realistic plasma environment will 
provide important clues in understanding the observa-
tion. As a part of the international collaboration of the 
exploration of wave–particle interactions occurring 
in the inner magnetosphere, the upcoming JAXA sat-
ellite ERG (Exploration of energization and Radiation 
in Geospace) (Miyoshi et  al. 2012) will provide valu-
able datasets for the investigation of nonlinear wave–
particle interactions in the inner magnetosphere. In 
particular, Software-type Wave–Particle Interaction 
Analyzer (SWPIA) (Katoh et al. 2013; Hikishima et al. 
2014) on board the ERG satellite will provide instan-
taneous wave and particle data measured in the cho-
rus generation region with the extremely high time 
resolution less than the electron gyroperiod, which 
is a unique dataset for the investigation of nonlinear 
wave–particle interactions. For the thorough under-
standing of the chorus generation process and the 
energization process of relativistic electrons, simula-
tions with the plasma environment and velocity dis-
tributions observed in the real magnetosphere are 
important in the future study.
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